A Numerical Study on Large-Time Asymptotics of the Lifshitz-Slyozov System by Carrillo, José Antonio & Goudon, Thierry
A Numerical Study on Large-Time Asymptotics of the
Lifshitz-Slyozov System
Jose´ Antonio Carrillo, Thierry Goudon
To cite this version:
Jose´ Antonio Carrillo, Thierry Goudon. A Numerical Study on Large-Time Asymptotics of the
Lifshitz-Slyozov System. RR-4287, INRIA. 2001. <inria-00072300>
HAL Id: inria-00072300
https://hal.inria.fr/inria-00072300
Submitted on 23 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de





























ap por t  

de  r ech er ch e 
THÈME 4
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
A numerical study on large-time asymptotics of the
Lifshitz-Slyozov system
José Antonio Carrillo — Thierry Goudon
N° 4287
octobre 2001
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)




































ÁâzÇBß;ãBß ÎäßB¾ËÍ¿ÝBÈIÇ0ÆBÆBå2ÑÉæç0ç0èI×0ÐzÑ(ÆBË Ò¿ÂKÓÄË ÃDåPé(ËÍÌ¿«ÖKÛ"Ç0ÀIêBËëÁÎÆÃDËÍÀwÇ0ÏÍËÍÓ}ÐBì`ÁÂKÌí4ÁÏÍÂKÇ0ÓÄ¿0ÐIî`ÖïÙ0çI×}Ù0Øé(ËÍÌ¿Ì¿ÈB¿«ð
Ù0èIÐpî/ÂDÁÆBÌ¿0Ð0¿«Ã!ñ¦éæ$ñïÎÀBÂKÇòK¿}Ì«Ãó4Î(ñ¦É)ÎéäÐ}ôìöõ0÷IÐ0Ù0ç0õ0Ù0è(Û"Ç0ÀBêBËëÁ$ÎÆÃÄËÍÀzÇ0ÏÍËÍÓióåÈB¿«ðwÐî/ÂDÁÆBÌ¿0Ð0Þ0Ç0ÝBÈBÇ0ÆzÜÅ8ÁpÃDêTß ÝBÆIËÍÌ}¿0ß ørÂ
 ' 	
R 	*&¤$(8 8ﬂ 8 (8& bﬃﬂ






	  	  » qwkxboyk { hjqwsx'ljc¬~bqwav;qwyoycbac"stocbs oycbavxljqws` { cx}qtlrk!ophrqtsx { kWxy|!xop_bac { c
§7h¨¥Kxy]`hroy©bª«gilj|wqt©bq/£4­ ¹ svmzyoyhn~k`ljhjcbI¯"hjlTmwv`vmwpmjoTk`c~c ~bqwav;qwyoycbac"sto { bv;cbs {{ cäaRmzshr_"ycä~byk~hnmzljc
{ cölnm { hnxopyhj`k!ophrqts { c"x8mwwwbTm/ox2ljc"x	v`ljkx^tyqTx vIx}c"stox { mzsx^ljmxyqwljk!oyhjqws$­
 · I µ  	 ? x}|!x}oy_"afc { c§7h¨¥Kxp~]`hroy©bª«gilj|wqt©bq/£4¯aq { _"lrcIx { cf~qTmzwkljmzoyhjqws!ªÄ¥¦pmwwacbsTom/oyhjqws7¯ioymzsxyh¨ª































































\^]hjxöc Tkmzoyhjqws ]mwxc"cbs¬hrsTopyq { k~bc { hrsagr/h2mwx)m%aq { c"l¥¦qwöoy]`c¥¦qwpaRm/ophrqts¤qz¥m's`c"°Łv`]mtx}cfhjs







































































































































































































































op]`cbs7¯oy]`c"|mwyc'vqthrsToyhjs`?qtk!opxyh { c%op]`c { qtaRmzhjs^'*L!+
;ﬂﬁ
.6°	]`cbs,oy]`c"|¬pc"mt~]oy]`cqwphrthrs7­?PycI~hnx}c
¥¦qtya#qw¥äop]`c%~qicty%~bhrc"stox { cbv;cbs { xqws oy]`cac"~]mzs`hnx}a qz¥ aRmtxyxoymzsx¥¦c"s7mtxyxyk`ahjs`hroﬂhnx { yhj£wc"s
















.hjs%op]`hjx^~"mwxycw­&`qw { cbopmzhjlnxäqtsRoy]`caq { cblÄ¯T°c6pc¥¦c" qw¥
~bqwk`xyc6opqop]`cqwphjwhjsmzl;vmzv;cb	qw¥§7h¨¥Kxp~]`hroy©ªgilj|wqt©bq/£OgjBh ¯!`k!o8qts`c)amB|%mwljxyqR~qtsx}kl¨o^oy]c)~bljmtxyxyhn~bmzl

















































































































































 £wcbp|¥¦cb° oy]hrs`Txämwyc is`q/°	sRqtsoy]`c Tk`c"x}oyhjqwsRqw¥oy]`cömwxy|Tav!opqzophj~	;cb]mB£Thjqwk2qz¥ 0}20­®«s1gj"hÄ¯













qw¥^~bqws/cI~0opk`yc 5768:9 20¯°	]`hj~]]mtx)c"cbs£wc"yhr±c { cbiv;cbphjafc"sTopmzljlj|w¯$op]`c Tk`c"x}oyhjqwsx)qz¥^k`s`h tkcbs`cIxyx
qw¥)oy]`c?£/mwlrk`cXqw¥;,¯	mzs { ks`h Tk`c"s`c"xpx%mws { xomz`hjljh¨o|Fqz¥öoy]`c¤±smwl6m/oyoymw~0opqwR]mB£tcXqwphrthrsm/oyc { m
~bqwsToypq/£wc"pxyhnmzl { cbmzoycw­
®«svmzyoyhn~kljmw"¯Th¨o	hnx^mzpwk`c { oy]m/ooy]`cöopmwhrlqw¥$oy]cöhjs`hroyhnmzl { mzopmfmzs { oy]`cölnmzpwc"x}o vmzyoyhn~ljc"xahrt]to
vljmB|m%~pk~hnmzl7yqtlrcmws { aq { h¨¥¦|oy]cmwxy|iav!oyqwoyhn~v`pqz±ljcw¯;x}c"c¥¦qw8hjsx}opmws~c ,pq/°	sg BhÄ¯)ucbc"pxyqws!ª
g`mwxyqwpq/£ngj"hÄ­	~b~bqw { hjs`opqfoy]`cIx}cﬂmwytk`acbsTopx"¯Toy]`c)aRm/op]`cbaRm/ophj~"mzl$mwsmzlj|!x}hnxvc"}¥¦qtyac { i|mzpyª
c"s`yqTx}c g dh2mzs {¬» hjcop]mzaacbyª c"wqogÍ!thhjs { hn~bmzoycIx6op]m/o)op]`cRmwxy|Tav!opqzophj~c"]mB£ihrqtk`ö]`hrt]`lj| { cª
v;cbs { xfqws¡op]`c'ophrvMqz¥	op]`cxyk`v`v;qwyoqw¥8oy]chjs`hroyhnmzl { m/om`­	~0oykmzljlr|t¯Poy]`c"|¡mzpc~qts~c"ysc { °	hroy]Mm
xyljhrt]toplr|Raq { hr±c { aq { cblÄ¯ioy]`c§7h¨¥Kxy]`hroy©ªgilj|wqt©bq/£Tª  mzts`cb c Tkmzoyhjqws$¯!xycbc g  hÄ­m6q/° c"£wc""¯toy]`hnx^£/mzph¨ª
mwsToqz¥ 0}2)hnxhjsToyc"ycIxophrs`¤cbs`qtk`w],xyhrs~cw¯pqwk`t]`lj| xyvcImBihrs¯h¨ox}]qwk`l { c~ljqtxycRoyqa02ﬂ°	]`cbsa)
]mwx cI~qwac)x}aRmwlrlÄ¯!x}c"cﬁgjbdh ­P®«s'vmzyoyhn~k`lnmzI¯w¥¦pqwa gj"hÄ¯:gÍ!thqts`c6ahjw]To8~qwszc"~0opk`pc8oy]m/o"¯`x}opmw}ophrs



























































































































































.y­:,^mtx}c { qwsop]`cﬂ~]mzmw~oyc"yhnxophj~8¥¦qwpau¯!° cﬂ~bqws~blrk { ci












































\^]`camwhrsMctl4c"~oqw¥8oy]cctkm/oyhjqwsMhjxopq r xopycbop~] r op]`cuhrs`hroyhnmzl { mzopm!i%h¨ohnxcb!vcI~0oyc { op]m/o
r aRmtxyxwqic"xﬂoyq¤hjs!±sh¨o| r ¯2~ljkxopcbxﬂhjs¡oy]cxyqwljk!oyhjqws¡]mB£Thjs`?lnmzpwc"mzs { ljmwytcbxyhj©bcw­ `pqwa



































































































































































































































hÄ­ cw­Pmﬂ~qtsx}oymzhjsto2qtsoy]`c8±px}oäaqwac"stoI­m8q/°cb£wc""¯w° c tcbc"voy]`c )8hrsop]`c { cb±s`hroyhjqwsRqw¥oy]`c8tyq/°^op]

























































































































































































































































































































































































































































































































































































































































;  "%$ & ¯iop]`c£/mzljk`cöqz¥;








  ;  ;! #"%$'&#"ﬁ*$ %$o O$> ﬀ'&  --(t)$ 	H "#$> 		  "#$
 
  ; J
































" B$$  F








































t	[L<   
d
"k B$  L *$ 65 7$6">5Q4$ ?$ #4$@$?A
*3$ﬂ$t$#B
p
L4"C +%D E$F*$t$F $; HGt$I*  		*#   J"




















































































































































' >.  #ﬂmtx  
ﬁ










































.	¥¦qw;  ;! #"%$'&/­%§$hr¥Kxy]`h¨op©ª
g!lr|tqw©bq/£Rmwljxyqcb!~blrk { c)hrsoy]`c"hr8mwsmzlj|!x}hnxäoy]`c~bmtx}c ; _ ;  "%$ & s]`q/° c"£wc""¯woy]`hnx^hjx¥Kmw¥¦yqta ~ljc"mw"¯ihjs
vmzyoyhn~k`lnmz^°	]`c"s { c"mzljhjs`°	h¨op]u~bqwavmt~0oylj|'xyk`v`v;qwyoyc { hjs`hroyhnmzl { mzopm¯`x}c"c g dh ¯~gÍ!	h ¯~gj"Fh ­







































































































































(CW' ; C 
	
d












































































































































































































































































































































F B$! -o ﬃ*$ $$ e| #4$t  -#** 		 
 
  BOJ ﬂ4" 

 $ -$t (	 H

 ﬁ * -"'$ B$3	H $!ﬃ F   
d
 (?$t  '$t  ﬀ $  4	# $ﬂﬁB)$ - $:t"#$ﬃ	
 
	
#  B ﬃﬂ4" 

 $ -$t< $ 





  BOJ # " 

(?$	  '$	  ﬀ'$  `	3$3*
- $:t"#$
 





(t '5T#*W   
d
5#E $ $$ﬁ2  (t)$`-$ﬂﬁB  	"2
 
  B  L4">



















































































































































































































































































































































































































































































xyqwlj£wc	sik`ac"yhn~bmwlrlj|fxyk~]%ljhjs`c"mw m { £wc"~oyhjqwsRctkm/oyhjqwsR°c6~"mzs%kxycmwsi|fx}opmws { mz { sik`acbphj~"mzlxp~]`c"afc
gj  !¯;/dBh~bqwsxyh { cbpc { ¥¦qws`qws`ljhjs`c"mw8qws`cbª { hracbsx}hjqwsmwl7mzs { ak`lroyhrª { hracbsx}hjqwsmwl(~bqwsxycbp£/m/oyhjqwsulnmB°8xb­
®«s qw { cbopq ~]`qiqTx}c%m x}k`hropmw`ljcxp~]`cbacR¥¦qtxyqwlj£Thjs`0}"
20¯° c]mB£wcopq?omBwc'hrsToyq¬~qtsx}h { c"pmzoyhjqws
xycb£tcbmzl;¥Kmw~opxi
w­ ¼ s`cﬂqw¥(op]`cﬂctl4c"~opx6q/£wcbop]`cxyqwljk!oyhjqwsu°cﬂqwxycbp£wcöhnx	oy]cxopycbop~]`hjs`qz¥op]`cxyk`v`v;qwyo8qz¥oy]`c
x}qtlrk`oyhjqws$­2\^]ikx"¯!qws`c)s`c"c { x	oyq { c"mwl°	h¨op]Xmlnmzpwc { qtaRmzhjsqw¥~qtav`k!opmzoyhjqws$­

































































































































ﬁﬀﬃﬂ! "#$!   
~bqwav`ljhj~"m/opc { s`qts ljhrsc"mzuxy|ix}oyc"aRxqw¥~qtsxycbp£Bmzoyhjqws¢lnmB°8x'hjs^jk`h {W{ |ismzahn~bx"¯xycbahn~qws { k~0opqwxb¯
mmzahjl¨opqws!ª wmt~qt`h4c Tkm/ophrqtsx"¯r­j­r­ﬃ0Dx}c"c gÍ/d¯  Fh 20­
 cxyqwlj£wc%hjs¡ophrac'i|ac"mwsxﬂqw¥6mzs¡c!v`ljhn~hrofz { ª qw { cbﬂ\ 3H- 	k`s`tcª)k!o}omXacoy]q { hrsToypqzª
{ k~c { i|¬­  ­7gi]ikagÍ/dBhPoy]mzo)c"s/q/|!xöoy]`cs`c"c { c { ¥¦cIm/opk`ycIxöqz¥x}opmw`hjlrhro|w¯$]hrt] qt { c"ömws { \ 3 -



























0 50 100 150 200
f
x







































































































 '   	
	  Y$
~"mzkxyc { i|?op]`c'kx}cRqw¥op]`c'xyhrav`ljc%k`vi°	hjs { hjs`?acop]`q {¡{ hnxymw`lrcIx)oy]c'v;qtxpx}hj`hjlrhro|¤qw¥±s { hjs`¤mzsi|
qwoy]`c"v;qtxpxyhr`ljcfc"]mB£ihrqtk`"­)®«s¤¥Kmw~0oI¯7mwx6±tk`yc'xy]`q/°8x"¯;oy]`cfkxycqw¥2oy]`hnx)acop]`q { ¥¦qwmxopcbv!ª ljh tc
hjs`hroyhnmzl { mzopmö~bmwsljc"m { |wqtkﬂopqöm)~qtav`lrcboyc"lr|°	pqws`)~qts~ljkxyhrqtsmwxpxycbyoyhjs`6op]`c	~qtsT£tcbpwc"s~cPopq/°mw { x
op]`c6xyaqTqwoy]%xycblr¥$x}hjahrlnmzäxyqwljk!ophrqtsmws { oy]cbpc¥¦qwpc^oy]m/o2op]`c§gfv`yqw±ljc	hjx2oy]`c8ks`hr£tcbxymwlmwxy|iav!oyqwoyhn~
;cb]mB£Thjqwkﬂ¥¦qwmzsi|¬hrsh¨ophjmwl { m/opm­ \^]`hnxfacoy]q { hjxs`qwofm/omzljlxyk`hropmw`lrc¥¦qwf~qtstopyqtlrljhjs`Xoy]c;cª
]mB£Thjqwk^mzo8oy]c)oyhjvXqz¥oy]`cxyk`v`v;qwyo"­ )uqwpcbq/£tcbI¯wop]`cb|qw`opmzhjsulrhjah¨ophrs'~ph¨ophj~"mzl£/mzljk`cIxA;  #"%$'& °	hroy]
mfc"ypqw^qz¥ @C ﬂL '­































hnx { qts`cö¥¦qwljlrq/°	hjs`oy]`cxpmzacljhjs`c"x	mtx	mz;q/£wcw­\^]`c)aRmzhjsm { £/mzsTopmwwcöqz¥(oy]`hnx^ycIxy~"mzljc { ¥¦qwpa hjxop]m/o



















  ﬁ      	  	










































































































































































































c"£wqtlrk!ophrqtsuqz¥ä~qts~c"sToym/oyhjqwsuqw¥aqts`qwacbx 0¦oyphjmws`wljc"x-2	sqwo}opqwa lrcb¥ïoi )'
9

















































































 ckx}coy]`hnx)x}hjav`lrcf~bmtx}copq£/mwlrh { m/opcoy]cv;cby¥¦qwpaRmzs~bcﬂqz¥Pop]`cfxp~]`c"afct­\^]`c±xooyc"x}o 0K\(c"x}o2








#t­R\^]`cRhrsh¨ophjmwl { m/om`¯7pcbvycIx}c"stopc { hrs¬±­




























































































































































J ﬃ >ﬃ > 8  K! ·ﬂﬁ  ·ﬂﬁ  ³ 68 ³  7` ·ﬂﬁ








.@J #w­  cR±px}o"¯~]`qiqtxyc%mwx)hjs`hroyhnmzl { m/opm1,
d




































mtx^hrsh¨ophjmwl { m/omO0Kxycbcö±wkycfqwo}opqwa phjw]To-2­


















































































































































































































































0 200 400 600 800 1000
f
x










































































































































































0 5 10 15 20 25 30 35 40
f
x


















































































» q/°¯/° c°mwsTo7oyq)~]`cI~-op]`c	§(g~qwszc"~0opk`pcmwqtk!o(op]`ck`s`hj£wcbxpmzlimwxy|Tav!opqzophj~äv`yqw±ljcw­7®«sqw { cb
opq { q)oy]hjx"¯t°c^opmwc^op]`yc"c { h l;c"yc"sto hrs`hroyhnmzl { m/om 0KxycbcAhjwk`pc Y2timws`qzop]`cb2xyaqTqwoy]s`qts%~qwavmt~0oplr|
xyk`v`v;qwyoyc { hjs`hroyhnmzl { m/opm!iuoy]`c?xyk`a qz¥ﬂ )?m/!° c"lrljhnmzsxe0¦°cX]mB£tcumwljxyq oyc"x}oyc { hrs`hroyhnmzl { m/om °	hroy]
ksT;qwks { c { x}k`vvqt}o mws { mwlrtcb`mzhn~ { c"~"mB|32	sim { hnxy~bqwsToyhjsik`qwkx ~qtafvmw~0oplr|xyk`v`v;qwyoyc { hjs`hroyhnmzl { m/om3i
mxopcbvR¥¦ks~0ophrqts~s!m~qtsToyhjsTkqwkxäs`qws { hl4cbpcbsToyhnmzlrcö~qwavmt~0oplr|Rxyk`v`v;qwyoyc { hrs`hroyhnmzl { mzopm3imopyhnmzswljc
¥¦ks~0ophrqts$­ `qt°	]`hj~]¬qz¥oy]c"xycfhjs`hroyhnmzl { m/opm°c]mB£wc~qtafvk!oyc { op]`cbhjcb£tqwljk!oyhjqws7¯oy]`cRc"£wqtlrk!ophrqts
qw¥äop]`c'~qts~c"sToym/oyhjqws qz¥afqts`qwac"px"¯oy]cRcb£wqtlrk`oyhjqws¬qz¥oy]`copqzopmwlPsik`a;cbﬂqw¥mwwwljqwac"pmzoyc"xömzs {
°c]mB£wc~bqwavmzpc { op]`c±smzlPxyqwljk!oyhjqws m/¥ïoyc")wwtk`s`hropxöqz¥2ophracf°	h¨op]¤x}opm/ophrqtsmzp|v`yqw±ljc"x"­ö\^]`c




























































































.hjxlnmzpwc"$op]mzsoy]`hnx£/mzljk`cw¯wh¨o2~qtsToyhjsTkc"x7oyq)hrs~pc"mwxyc mws { hjx~ljqtxycb




	)¥¦qw BnJ #whj£wcbsui|0ÄB2­ 6ljxyq¯¥¦qw	op]`copyhnmzs`tlrc)¥¦ks~0ophrqts ; '
9
.




















.^cImw~]  zRks`h¨ox)qz¥2ophract­  c
~bmws¬xycbc~ljc"mwylj|oy]`cRx}oypcop~]hrs`qz¥ oy]`cRxyk`v`v;qwyo)mws { op]`cR~qtsT£tcbpwc"s~coyq/°^mz { x	op]`cRx}]mwvc
qz¥oy]`cﬂ~bqwpycIx}v;qws { hrsx}opm/ophrqtsmzp|%x}opm/opcwhj£wc"s'i|%¥¦qtyak`ljmn0K
20­
 c]mB£wcmwljxyqaRm { c)oycIxox^°	h¨op]¥¦ks~0ophrqtsx	]mB£ihjs`k`siqtk`s { c { xyk`v`v;qwyo6mzs { mzljwc"`mzhn~ { cI~bmB|
mzoﬂhrs`±s`hro|w­\^]c%~qws~ljkx}hjqwsx)qws¬oy]`cR;cb]mB£Thjqwkqz¥oy]`c'xyqwljk!ophrqts¬mwycfoy]c'xymwacop]mzsop]`qtxycf¥¦qw
op]`c )Xm/!°cbljlrhnmzsxömws { ° c { qXs`qwo { cbc"a s`c"~bc"xpxymwy|uopquhrs~blrk { c±wkycIxqts¤op]m/o~"mwxycw­<m8q/°cb£tcbI¯
op]`cöyc"amw /mw`lrc6vqthrsTo^hjxäoy]`cöwpc"mzo xycbsxyh¨ophr£ihro|Rqz¥op]`cö~bqwav`k!om/ophrqtsRoyqoy]`cös`cI~c"xpxpmzp|opyk`s~bm/ophrqts













































































































































































































































































































































































































































































































































































































































































































































































































































\^]`c"s$¯z±­Pz/ª!mzs { ±­tBªzx}]`q/° oy]`c	pc"xyk`lropxqw¥op]`c8~qtafvk!opmzoyhjqwsx¥¦qtoy]`c8x}oyc"v¥¦k`s~0oyhjqws
mws { op]`copyhnmzswljcmwx6hrs`hroyhnmzl { mzopm¯pc"xyvcI~0ophr£tcblj|w­(m8cbpcw¯;°c]mB£tcmzpyhj£wcm/o

J #L%pc"xp~bmwlrc { ophrac






~bqwpycIx}v;qws { hrs)oyqoy]`cc"]mB£ihrqtk` qw¥oy]`c { mzopmmzoäop]`cc"s { qw¥$h¨ox^x}k`vvqt}oI­Qm6q/° c"£wc""¯woy]`cöv`pqw`ljcba
;c"~bqwac"x)£tcbp|¤x}oyh lMmwx)op]`cRpcbwkljmwyhro|?m/oop]`cRcbs { qw¥ op]`c%x}kv`vqt}oﬂtcoxx}ac"mwyc { ­R® oxy]`qwk`l { c





op]`c xyaqiqzoy]v`yqw±ljcw¯Bmwx(hrljlrkxoppmzoyc { i|ö±­z	oyqwv7¯Bmws { ±­w	qwo}opqwa yhjw]ToI­(\^]`hnx$¥Kmt~0ohrljlrkxoppmzoyc"x
































































































































10 12 14 16 18 20
d
t


































































































































































































































































































































































































































































































































































J ﬃ >ﬃ J 8  K! ·ﬂﬁ  ·ﬂﬁ  ³ 68  ³  7!ﬀ ·ﬂﬁ
¼ k±smzl`oyc"x}opxämzpc { c"£wqwoyc { opqop]`c6§g  xy|!xopcbau­\^]`c	ycIx}kl¨oxPx}]`q/°c { hjs±­P/dmzs {  ~bqws!±ya




vyc { hj~oyhjqwsv`yqtvqTx}c { hjs gÍ!	h7xyhjs~cö° cöpc"~q/£tcbmztmwhrs'oy]`cmtx}|iav!oyqwoyhn~6vyqw±lrc°	]`hn~]~bqwpycIx}v;qws { x


























































































































0 100 200 300 400 500 600 700 800
f
x
hjwk`pc  iPgToyc"v%hrsh¨ophjmwl { mzopm)¥¦qt2op]`cö§g  xy|ix}oyc"aei(ljc¥ïo±wkycYi qwavmwyhnxyqwscbo° c"cbs%aqts`qwacb
~bqws~bcbsToym/ophrqts )B'
9
.$¥¦qtPoy]`c§(gmzs { oy]`c6§g  swphjw]ToP±wkycYi qwavmwyhnxyqwsfcbo° c"cbsoy]c6~qtafvk!oyc {







































































































grh     ﬀﬂﬁ ﬃï¯K~$! $- '$ 	 !#"		$
ﬁ t  	3$  $-ﬂt! B*#B$3%$ ( F	# *  J*$ 	* $t
 B$ ` 	'& *>B*# (%$t  B#B | tB  "#$30¯ qtafau­ )Xm/op]$­!P]i|!xb­;"wd 0w2'
20¯Ts`q­Td¯ ' T'& 't`­
g h )(  +*,-. 0/12434ï¯5ﬁ$$" tt$ (?$	  $    $
ﬁ E$  '$ & (	 B $




g Bh ﬀ6798:ï¯  $ﬂ$
5 $%A  '& $> B*#B$ |ﬁ  	#- - -7$t$$
ﬁn*$- 	/¯K	~opm )ucbopmwlrlÄ­r¯;T!¯4ibªt
0}tY2­
g dh; <=  ﬀﬂﬁ ﬃ¦¯ (-'& *H"#@(?$	  #  | tB  "#$3H@ 	 & *  , $  Q -Y  B




g  h; 0/1 =ﬀ<

    
	 
# 3 ï¯B'& * H "#$> B&< Y  6*#  J*E*  7AY &  "#$!
H<*$ ! %$  A




g 'Bh;  ;ﬀﬂﬀ )ﬁ #ï¯C~4$$: '& #	 | 4  $!	 $t$ 	5    	 *$$!$
ﬁw¯)uq { cbljljhrs`
g!hrak`lD­ )Xm/opcbI­g!~hÄ­ ¹ s`­r¯7<0}YwY2  Bª.'`B!­
gÍFh; ﬀﬂ  ﬁﬀ ﬂﬀﬃ ﬂﬀﬂ"!,¦¯ﬂ $tB  "#$3`|<*$  Q -Y   &< E$ë¯ » qwslrhjs`c"mwyhro|w¯
I`¯Bz &;B	't<0ÄztwY2­
g Bh; ﬀﬂ  ﬁﬀ #ﬀﬃ ﬂﬀﬂ$!,ï¯  Q -Y  B $-ﬂt! B*#B$3%$M#4$ &  E$I5* $t$:- $!3$ -¯
\(mzsxyv$­`\^]`c"qwp|gTopmzo"­`P]i|!x"­r¯w`¯!s$­B'`¯  /d  Bª  tz`0
2
g Bh; ﬀﬂ  <	ﬀ %ﬀﬃ ﬀ&!,  ﬀﬃ ' ()ﬀ  * ﬁ'ﬁ  

ï¯K4$7 $- '$ 	 !;" 	$
ﬁ 	F	3$
&
 B$  #  Q -
   & Ä¯Ppcbv`phrsTowww­
gj"Bh# ﬀﬂ  ﬁﬀ +ﬀﬃ ﬂﬀﬂ,!,ﬃ ﬁ'ﬁ  

ï¯:K'& $ﬂ%$7&< 	  B$1#4$ ﬁ$tH" & $ﬁ -'& *H"#
G *$( Q 	
> /$-ﬂ! "#$!¯Pyc"v`phrsTo6zt`w­





  # 34ï¯kﬀ(5t $$!  & *>)$
& $$!H "#$| 5 $ ﬁ
$`ﬀ+67T	4$
& $t¯  `­$ qwav$­
2]T|!xyhj~"xb¯7I	'¯`zt/ª«tz`0}Y2'Y2­
gj"Bh 8  8ﬀ¦¯ﬃ9 $-   *#B$3 H #4$  Q -
:9  ﬁB$ﬂ$  $-ﬂ! "#$¯/PpcbvyhjsToztw­
gjbdh 8  8ﬀ ¦¯ ~$1 Q -
:9  ﬁB$ﬂ$  $ﬂ! "#$ 5*v-$!7$ 	'$HH  FB 4& $b¯
2yc"v`yhjsTozt`w­
gj  h 8 <;=ﬃ < *, <ï¯6 4& $ 	#- >& $# (t ﬁ-$!7$ 	 "#$   '5Q0¯B,hj i]>wkxycb3Pcbpljmw¯Yt`­
gj('Bh 8 /@? ﬁ/</A BC





gjBFh 8 /@? ﬁ/</A B#	  D
E-ﬀDB ﬀ(;FGï¯:~$ F$$"#	| * %$-t *> B*#B$ﬁ  & 	#*4$ - "   3$ tB  
B  *#B$30¯  ­P]i|!xb­ ]cbau­giqtlrh
{
x"¯`¯`  Bª  z 0ﬀ'`F20­
gj"BhH <ﬁﬀ ;H
 ﬂﬁﬀ ﬀ; ¦¯ !ﬁ &< B$	 (	 "#" -'& *$t"*#B$" ﬁ2 '5*E"< $  7$)$-t"#$v$






gjBh#ﬃ;ﬁ/6 I 34ï¯KJ­`P]i|!x"­; ]`cbau­j¯zd¯!dY   0}wtY2­
gÍzBhML;/     ;   )2ﬀ *,ï¯F $ *$a$!"#  H  $ *B (	 $
& $ #4$E Q -Y  B
9< ﬁ$$  #4$- 	 |7 	5    	 *4$$!$ﬂﬁz¯4gi®| )  ­)Xm/op]$­!6smzlÄ­``)dﬀ'iIª dt   0Dwww
20­






gÍwh   ﬀﬂﬁ ﬃ¦¯~$  $  $ 	 !;" 	$ﬂﬁ $-ﬂ! "#$!  B/ ﬁ$ * & $	  B$  *$  -$$$-*#B$/5* *$
 Q 9 #4$- 	 |ﬁ -7$$!$ﬂﬁz¯  ­gTom/o"­P]i|ix"­j¯¯`w /ª Tz`0}YTB2­
gÍzBh
 02 =ﬀ;ﬂ/ (    
 -ﬀﬃB ﬀ;  ï¯!

 	'$ E$--'& * 	*#B$| tB     "#$!0¯g!q/£;­
2]T|!x"­)6xyv$­j¯w¯zzªÄdtd 0wiB20­
gÍ/dh
(  # 3 ï¯ﬀ 7$$!"#  C6 $GF  H 	e $  5 $t ﬁBY3$ $t-7$t$*# B `$>B$!Gt  B		
t$7& $tt  
J*4$ ( #<-$!7$ 	 "#$   '5Q0¯ » g w^ªHTBª«w2'T  z¯z®y g ¹ 8cbv;qwyoﬃiIª.' `¯
0}YTB2­
gÍ  h 3 <2   #ï¯ ~$- 	 $  $    3$ 	 $
ﬁ FB$ 6  $ $ -tY ﬁ$$   t &ﬁ "F7$t$

 	5   B





















































d­ `­  gihrak`lnm/oyhjqwsx^qwsoy]`cﬂ§g'cTkm/ophrqtsW­)­­­)­­)­­ö­­)­­­)­­)­­)­­­ö­­ 
d­ `­  gihrak`lnm/oyhjqwsx^qwsoy]`cﬂxp~bmwlrc
{
ctkm/oyhjqws ­­)­­)­­ö­­)­­­)­­)­­)­­­ö­­  









Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38330 Montbonnot-St-Martin (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
  	


  
ISSN 0249-6399
